Abstract. We construct a functor AC(−, −) from the category of path connected spaces X with a base point x to the category of simply connected spaces. The following are the main results of the paper: (i) If X is a Peano continuum then AC(X, x) is a cell-like Peano continuum; (ii) If X is n−dimensional then AC(X, x) is (n + 1)−dimensional; and (iii) For a path connected space X, π 1 (X, x) is trivial if and only if π 2 (AC(X, x)) is trivial. As a corollary, AC(S 1 , x) is a 2-dimensional nonaspherical cell-like Peano continuum.
Introduction
Peano continua are those continua (i.e. connected metric compacta) which are also locally connected. This classical topics of topology has received renewed attention in recent years, in particular the constructions of some surprising examples which provide answers to some very interesting problems and conjectures.
In our investigations of Peano continua we constructed in [6] a new functor from the category of all path connected spaces X with a base point x and continuous mappings to the category of all simply connected spaces, which we named the Snake cone and denoted by SC(−, −). When X is a Peano continuum, SC(X, x) is also a Peano continuum. We proved that in the case when X = S 1 , the space SC(S 1 , x) is a noncontractible simply connected cell-like 2-dimensional Peano continuum.
In a subsequent paper [7] we showed that the space SC(S 1 , x) is even nonaspherical, i.e. π 2 (SC(S 1 , x)) = 0. Moreover, we showed that for every path connected space X, π 1 (X, x) is trivial if and only if π 2 (SC(X, x)) is trivial (cf. [7] and [8] ).
In the present paper we construct yet another new useful functor, called the Alternating cone, and we denote it by AC(−, −). We show that while AC(X, x) shares all the properties of the space SC(X, x) listed above, their verification is much easier. We also show that there exists a Peano continuum (X, x) such that the spaces AC(X, x) and SC(X, x) are not homotopy equivalent. As an example how much easier the verifications are for the new functor, we consider singular homology H * (AC(X, x)) (cf. Theorem 3.4).
Preliminaries
We start by fixing some terminology and notations which will be used in the sequel. All undefined terms can be found in [13] or [14] .
For any two points A and B of the plane R 2 , we shall denote the linear segment connecting these points by [A, B] . Next, by the open (resp. half-open) interval we shall mean the linear segment without its end points (resp. without one of its end points), and we shall denote it by (A, B) (resp.[A, B) or (A, B]), as usual. The unit segment of the real line R 1 , with the natural topology, will be denoted by I. The point of the coordinate plane R 2 with coordinates a and b will be denoted by (a; b). Consider the points A = (0; 0), B = (0; 1), A n = (1/n; 0), B n = (1/n; 1) and let
The piecewise linear Topologist sine curve T is a subspace of the plane R 2 defined as the union of L n and L. For any topological space X the cone C(X) over X is defined as the quotient space C(X) = (X × I)/(X × {1}).
Suppose that q i : Z i → I, i = 1, 2, are mappings of topological spaces. Then the mapping f : Z 1 → Z 2 is said to be flat with respect to the mappings q 1 and q 2 if for every two points a, b ∈ Z 1 with q 1 (a) = q 1 (b), the equality q 2 (f (a)) = q 2 (f (b)) holds. Homotopy H : Z 1 × I → Z 2 is said to be flat if for each t ∈ I the mapping H(−, t) : Z 1 → Z 2 is a flat mapping with respect to the mappings q 1 and q 2 .
We recall the notion of the free σ-product of groups and a lemma from [4] (cf. the proof of [7, Theorem 3.1] ). We only use it in the case when the index set is countable and we introduce a restricted version in the sequel. Let (X n , x n ) be pointed spaces for n ∈ N such that X m ∩ X n = ∅, for m = n. The underlying set of the pointed space ( n∈N (X n , x n ), x * ) is the union of all X n 's obtained by identifying all x n 's to a point x * and the topology is defined by specifying the neighborhood base as follows (cf. [1] ):
(1) If x ∈ X n \ {x n }, then the neighborhood base of x in n∈N (X n , x n ) is the one of X n ; and (2) The point x * has a neighborhood base, each element of which is of the form: n≥m (X n , x n ) ∪ n<m U n where m ∈ N and each U n is an open neighborhood of x n in X n for n < m.
Lemma 2.1. [4, Theorem A.1] Let X n be locally simply-connected and first countable at x n for each n. Then
where g 1 , g 2 ∈ G. The normal subgroup G ′ of G which is generated by all commutators is called the commutator subgroup of G.
Recall that the commutator length cl(g) of g ∈ G ′ is defined as the minimal number of the commutators of G whose product is equal to g (cf. [5] ). We note that cl(e) = 0 for the identity element e of the group G. If ϕ : G → H is a homomorphism of a group G to a group H, then for every g ∈ G ′ ,
For every path connected space X, the fundamental group π 1 (X, x) is independent of the choice of the base point x and hence we can simply write π 1 (X). Finally, recall the isomorphism:
Constructions and main results
The Snake cone functor SC(−, −) is defined as follows. For every compact space X with the base point x, the space SC(X, x) is the quotient space of the topological sum (T × X) I 2 via the identification of the points (t, x) ∈ T × X with t ∈ T \ L ⊂ I 2 and the identification of each set {t} × X with the point t, for every t ∈ L (cf. [6] ). Let us now define the Alternating cone functor AC(−, −). Let (X, x) be a pointed space and let (X n , x n ) be its copies. Connect x n and x n+1 by an arc for each n ∈ N and add a new point so that a neighborhood of the point contains almost all X n 's and almost all attached arcs. Let Y be this space.
Let AC(X, x) be the quotient space of Y × I in which the sets {0} × X n are identified with (0, x n ) for all odd n and the sets {1} × X n are identified with (1, x n ) for all even n.
Since x n and the attached arcs converge to the new point in Y , AC(X, x) can be illustrated as in Figure 2 . The identifited points will be denoted by A 2n = (1/2n; 0) and B 2n−1 = (1/(2n − 1); 1). Let p : AC(X, x) → I 2 be the natural projection and define p(u) = (p 1 (u); p 2 (u)). We let C n = (1/n; 1/2), for n ∈ N and C = (0; 1/2). Proposition 3.1. Let X be a path connected space and x, y ∈ X. Then SC(X, x) and SC(X, y) are homotopy equivalent. Similarly, AC(X, x) and AC(X, y) are also homotopy equivalent.
Proof. We shall only prove this for SC(X, x) and SC(X, y), since the proof for AC(X, x) and AC(X, y) is similar. Let X be a path connected space with x ∈ X, and X * the space defined in Theorem 3.4. Also, let Y * be the space obtained by replacing x with y. By a deformation on I 2 , SC(X, x) is homotopy equivalent to SC(X * , 0). Hence it suffices to establish a homotopy equivalence between SC(X * , 0) and SC(Y * , 0). Let f : I → X be a path such that f (0) = x and f (1) = y. Define ϕ : X * → Y * and ψ : Y * → X * by:
Then it is easy to see that ϕ and ψ induce a homotopy equivalence between X * and Y * which fixes 0. This homotopy equivalence then induces a homotopy equivalence between SC(X * , 0) and SC(Y * , 0).
We are mainly interested in the homotopy types of SC(X, x) and AC(X, x) for the class of path connected spaces X. Since by Proposition 3.1 the choice of the base point x does not affect the homotopy types of SC(X, x) and AC(X, x), we can simply write SC(X) or AC(X) when the choice of the base point does not matter.
is also a Peano continuum. For any continuum X, the space AC(X) is simply connected. Theorem 3.4. Let X be a path connected space with x ∈ X and X * the quotient space of the disjoint sum of the unit interval I and X, by identifying 1 of I and x. Let (X i , x i ) be copies of (X * , 0). It then follows that for any natural number n, we have the isomorphism:
where the attaching points of the two cones are the identification points x 2i−1 and x 2i . It is easy to see that if {a, b} is a two-point space with the discrete topology then the space AC({a, b}) is path connected, whereas the space SC({a, b}) is not. The following theorem shows their difference from another perspective: Theorem 3.6. There exists a Peano continuum X such that AC(X) is not homotopy equivalent to SC(X).
Proofs of Theorems 3.2 and 3.3
In this section we shall prove Theorems 3.2 and 3.3. The argument is similar to the one which was used for proving analogous statements concerning SC(X).
Proof of Theorem 3.2. Since X is a compactum, the space AC(X) is the inverse limit of an inverse sequence of contractible compact metrizable spaces. Therefore AC(X) is a compact metrizable space of trivial shape, i.e. cell-like.
If dim X = n and X is compact and metrizable then the dimension of its onepoint compactification Y is equal to n and thus dim (Y × I) = n + 1. Therefore dim AC(X) = n+1. If X is a Peano continuum then AC(X) is compact, metrizable and locally path connected, hence also a Peano continuum.
Let us prove that AC(X) is a simply connected space. Let U = p 
2 ({1})) is surjective and the intersection U ∩ V is path connected. Therefore by the van Kampen theorem, the union U ∪ V = AC(X) is simply connected.
For a noncontractible space X, the noncontractibility of AC(X) can be proved similarly as for SC(X) (cf. [6, Theorem 1.2]). Hence we only indicate the difference and we state the necessary lemmas.
Let Lemma 4.1. Let n ∈ N and let H : AC n (X) × I → AC(X) be a mapping such that for every y ∈ I and t ∈ I, the closure of the set p 2 (H(M y ∩ AC n (X), t)) does not contain both points 0 and 1, and such that both mappings H(−, 0) and H(−, 1) are flat. Then there exists a flat homotopy from H(−, 0) to H(−, 1).
For s ∈ (0, 1) and t ∈ I, we define a property P (s, t) of the flat homotopy H as follows:
2 ((0, 1)) and the restriction of H(−, t) to M s ∩AC n (X) is homotopic to the identity mapping on M s ∩AC n (X) in p −1 2 ((0, 1)). We remark that by the flatness of
The following lemma can be proved similarly as [6, Lemma 4.3] . 1) ), then there exists a neighborhood U of (0; t 0 ) such that H does not satisfy P (s, t) for any (s; t) ∈ U with s > 0. An analogous statement holds for H(M 1 ∩ AC n (X), t 0 ) ⊆ p We can now regard the proof of [6, Theorem 1.2] also as a proof of Theorem 3.3. We shall only retrace its line of argument.
Lemma 4.2. Let X be a noncontractible space and H
Proof of Theorem 3.3. Suppose that the space AC(X) is contractible. Then there exists a homotopy H : AC(X) × T → AC(X) connecting the identity mapping with the constant one. By compactness of the time interval I, for every a = (0; y) ∈ {0} × I, there exists ε 0 > 0 such that the diameters of p 2 • H(O ε0 (a), t) are less than 1 for all t ∈ I. Hence, by compactness of [A, B], there exists ε 1 > 0 such that the diameters p 2 • H(O ε1 (a), t) are less than 1 for all a = (0; y) ∈ {0} × I and all t ∈ I. Let n be a number such that 1/n < ε 1 . By Lemma 4.1 we may then assume that H| ACn(X)×I is a flat contraction. However, this contradicts Lemma 4.3.
Proofs of Theorems 3.4 and 3.5
In this section we prove Theorems 3.4 and 3.5. Here we shall see a very different feature of AC(X) in comparison with SC(X).
Let U = p 2 ({1/2}), respectively. Let i U and i V be the inclusion maps from U ∩ V to U and V , respectively. Consider the following part of the Mayer-Vietoris exact sequence for the singular homology:
Since the inclusion maps from U to AC(X) and from V to AC(X) are inessential, we have the following exact sequence:
We recall the following fact:
Lemma 5.1. [9, Theorem 1.3] Let CX be the cone over a space X and CX ∨ CY the one-point union with two points of the base spaces X and Y being identified to a point. Then, the following holds for n ≥ 1 :
Proof of Theorem 3.4. Let r X : X ∨ Y → X and r Y : X ∨ Y → Y be the retractions from Lemma 5.1. Then H n (CX ∨ CY ) is the kernel of the homomorphism
For each n, let X n be a copy of the one-point union of X and the unit interval I, where the attaching point is 0 ∈ I. Let x n be a copy of 1 ∈ I. We regard X n as [C,
2 ({1}) is homotopy equivalent to n∈N (X 2n , x 2n ) and p −1 2 ({1/2}) is homotopy equivalent to n∈N (X n , x n ). This verifies the assertion.
Proof of Theorem 3.5. By the result preceding the proof of Theorem 3.4, we have the exact sequence:
Suppose that π 1 (X) is trivial. Since π 1 (U ∩ V ) is isomorphic to × × n∈N π 1 (X n , x n ), π 1 (U ∩V ) is also trivial. Hence H 1 (U ∩V ) is trivial, which implies that H 2 (AC(X)) is trivial, by the above exact sequence.
On the contrary, suppose that π 1 (X) is nontrivial. Choose a non-trivial element a of π 1 (X) and let a n ∈ π 1 (X n ) be copies of a. Then there exists an element a * of the group π 1 (U ∩ V ) such that its image under the induced homomorphism from retraction of the space U ∩ V to the [C,
By [10, Theorem 1] , the commutator length of this element is n. Since the number n is arbitrary, a * does not belong to the commutator subgroup of π 1 (U ∩ V ). Therefore the homology class [a * ] ∈ H 1 (U ∩V ) is nontrivial (2). However, its images
and H 1 (V ), respectively, are obviously trivial. By the exactness of the Mayer-Vietoris sequence, the group H 2 (AC(X)) is nontrivial. Since by Theorem 3.2, π 1 (AC(X)) is trivial, it follows by the Hurewicz Theorem that π 2 (AC(X)) is isomorphic to H 2 (AC(X)) and hence is also nontrivial.
Proof of Theorem 3.6. Let H be the well-known Hawaiian earring, which is obviously a Peano continuum. Let us show that SC(H) is not homotopy equivalent to AC(H). Consider the embedding ϕ : H → SC(H), defined by ϕ(x) = (A 1 , x) ∈ SC(H) in Figure 1 . In the sequel we shall identify H with its image ϕ(H).
We show that the mapping ϕ is not homotopy equivalent to the constant one. To show this by contradiction, suppose that this is not the case and that there exists a homotopy H : X × I → SC(H) such that H(x, 0) = ϕ(x) and H(−, 1) is a constant mapping to some point * .
Since SC(H) is a path connected space, we may assume without loss of generality,
is not a subset of T and there exists b ∈ [0, a] for which , we get a homotopy of W to H connecting the embedding with a constant mapping. However, the embedding of W to H is essential, which is a contradiction. Now we conclude that ϕ is an essential mapping.
Next we show that every mapping ψ : H → AC(H) is inessential. First, observe that the embeddings of U and V to AC(H) are inessential. For instance, for U , we have a deformation retraction of U to p −1 y (A) which can be contracted in F (H) to a point. We have ψ(x * ) ∈ U or ψ(x * ) ∈ V and we only deal with the case ψ(x * ) ∈ U .
There exists a neighborhood O of x * such that ψ(O) ⊂ U . All but finitely many circles of H are contained in O. Since AC(X) is simply connected by Theorem 3.2, the restrictions of ψ to the finitely many circles are inessential mappings. Hence, as a total, ψ is an inessential map.
Suppose now that the spaces SC(X) and AC(X) are homotopy equivalent. Then there exist mappings f : SC(X) → AC(X) and g : AC(X) → SC(X) such that the composition gf is homotopic to the identity mapping. Thus ϕ ≃ gf ϕ. However, gf ϕ is an inessential mapping, because f ϕ is inessential and ϕ was shown to be an essential mapping. Contradiction.
In view of Theorems 3.2, 3.3, and 3.4, it is natural to ask the following question (cf. [7] 
